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We discuss historic pressure computations for the hard-diskmodel performed since 1953, and compare them to
results that we obtain with a powerful event-chain Monte Carlo and a massively parallel Metropolis algorithm.
Like other simple models in the sciences, such as the Drosophila model of biology, the hard-disk model has
needed monumental effort to be understood. In particular, we argue that the difficulty of estimating the pressure
has not been fully realized in the decades-long controversy over the hard-disk phase-transition scenario. We
present the physics of the hard-disk model, the definition of the pressure and its unbiased estimators, several of
which are new. We further treat different sampling algorithms and crucial criteria for bounding mixing times
in the absence of analytical predictions. Our definite results for the pressure, for up to one million disks, may
serve as benchmarks for future sampling algorithms. A synopsis of hard-disk pressure data as well as different
versions of the sampling algorithms and pressure estimators are made available in an open-source repository.

I. INTRODUCTION

In fundamental physics, the most detailed descriptions of
physical reality are not always the best. In our quantum-
mechanical world, many phenomena are indeed described
classically, without the elaborate machinery of wavefunc-
tions and density matrices. The exact thermodynamic singu-
larities of helium, a quantum liquid, at the famous lambda
transition [1] are for example obtained by a seemingly un-
related model of classical two-component spins [2–5] on
a three-dimensional lattice rather than by some quantum-
mechanical representation of all atoms in the continuum [6].
Renormalization-group theory [7] guarantees that the sim-
ple classical spin model exactly describes experiments in the
quantum liquid [8, 9]. The universality of simple models is
also found in other sciences. In biology, the study of the fruit
fly Drosophila has gradually evolved from a subject of ento-
mology, the science of insects, to a parable for higher animals,
where it allows one to appreciate gene damage [10] from ra-
diation. In recent decades, it was moreover understood that
many of the genes of the Drosophila have exactly the same
function as genes in vertebrates, including humans. In physics
as in biology, “(t)his remarkable conservation came as a big
surprise. It had been neither predicted nor expected” [11], to
cite a Nobel-prize winner.

Paradoxically, even simplemodels in science, those stripped
to their bare bones, can take monumental effort and decades
of research to be understood fully. This is the case for
the Drosophila fly that entered research laboratories around
1905 [12], and then gradually turned into a model organ-
ism [13]. It is also what happened to the simplest of all par-
ticle models, the hard-disk model, which is the focus of the
present work. The model consists of N identical classical
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disks with positions inside a box and with velocities. Disks
fly in straight-line trajectories, except when they collide with
each other or with an enclosing wall. The elementary collision
rules are borrowed from billiards. The hard-diskmodel carica-
tures two-dimensional fluids: It lacks the explicit interparticle
attractions of more realistic descriptions, yet it shows almost
all the interesting properties of general particle systems. More-
over, its observed phase behavior [14] was understood in terms
of topological phase transitions, just like classical continuous
spin models in two dimensions [15]. The interpretation com-
mon to both cases was unsuspected from the conventional Lan-
dau theory of phase transitions.

Only few characteristics of the hard-disk model are known
from rigorous mathematics. The first was proven by Daniel
Bernoulli in 1738 [16], namely that the temperature, which is
linked to the mean-square velocity of the disks, plays no role
in their spatial distribution. It was also proven [17, 18] that the
hard-disk model, as a dynamical systemwith positions and ve-
locities evolving under Newton’s laws, can be described statis-
tically with positions that all have equal statistical weight. It is
furthermore shown rigorously that, at small finite density, the
model is fluid [19, 20], justifying analytic expansions devel-
oped in the 19th century [21] to link dilute hard disks to the
ideal gas of non-interacting particles. For high densities, it was
established that at close packing, the hard-disk model forms a
hexagonal crystal [22]. However, for all densities below close
packing, this crystalline structure is destroyed [23, 24] by long-
wavelength fluctuations. The invention of simulationmethods,
and their application to this verymodel of hard disks ever since
the 1950s, was meant to overcome the scarcity of analytical re-
sults.

With its stripped-down interactions, the hard-disk model is
indeed simple. In particular, the model lacks attractive forces
that would pull the disks together. It is for this reason that,
for a long time, hard disks and hard spheres (in three dimen-
sions) were considered too simple to show a phase transition
from an disordered fluid to a solid [25, 26]. In two dimen-
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sions, furthermore, ordered phases were expected not to exist
for theoretical reasons that were considered sufficiently solid
to formally exclude any transition [27]. Initial computer sim-
ulations, in 1953, in the same publication that introduced the
Metropolis algorithm [28], accordingly found that “(t)here is
no indication of a phase transition”. It thus came as an enor-
mous surprise when, in 1962, Alder and Wainwright [14]
identified a loop in the equation of state (see Fig. 1), sug-
gesting [29] a phase transition between a fluid at low density
and a solid (that was not supposed, at the time, to exist) at
high density. This laid the ground work for the Kosterlitz–
Thouless–Halperin–Nelson–Young theory of melting in two-
dimensional particle systems [30–32]. Even after this im-
portant conceptual advance, the phase behavior of the hard-
disk model remained controversial for another fifty years, un-
til an analysis [33] based on the powerful event-chain Monte
Carlo (ECMC) algorithm [34] showed that hard disks melt
through a first-order fluid–hexatic phase transition combined
with a Kosterlitz–Thouless transition between the hexatic and
the solid, thus proposing a new scenario.

FIG. 1. Hard disks in a periodic box. (a): Equation of state (pressure
vs. volume) computed in 1962 by Alder and Wainwright [14] (b) and
(c): Samples of 870 disks at densities η = 0.726 and η = 0.672. (d):
Pressures for N = 870 from (a) compared with ECMC results (this
work) for aspect ratio α=(9 : 8

√
3/2) (cf Fig. 10 for an analysis of

convergence behavior).

In this work, we discuss the hard-disk model in a computa-
tional and historical context, concentrating on the pressure as a
function of the volume. The reason for this restriction of scope
on pressures rather than on phases is that the aforementioned
fifty-year controversy was rooted in difficulties in computing
the pressure. After a short introduction to the physics of the
hard-disk model, we review the thermodynamic and kinematic
pressure definitions, and show that they are perfectly equiva-
lent even for finite systems. Nevertheless, the pressure may be
anisotropic and depend on the shape of the system, rather than
being only a function of system volume. We discuss pressure
estimators, with a focus on those that are unbiased at finite
N and convenient to use. We furthermore clarify that differ-
ent sampling algorithms (molecular dynamics, reversible and

non-reversible MCMC) all rigorously sample the same equal-
weight Boltzmann distribution of positions although the time
scales for convergence can differ widely even for local algo-
rithms, and can reach years and even decades of computer time
for moderate system sizes. This was not understood in many
important historical contributions. With all this material in
hand, we confront past results with massive computations per-
formed for this work, thus providing definite high-precision
pressure estimates for the hard-disk model that may serve as
benchmarks for the future. With its rich phenomenology and
its intractable mathematics, this simple model has become the
Drosophila for particle systems and for two-dimensional phase
transitions. It has served as a parable for difficult computing
problems and as a platform for development of MCMC and
of molecular dynamics. This fascinating model has yet to be
fully understood. We aim at providing a solid base for future
work.

The plan of this work is as follows. In Section II, we discuss
the fundamentals of the hard-disk model, from the definitions
of densities and volumes to an overview of its physical prop-
erties. In Section III, we discuss sampling algorithms (molec-
ular dynamics and Markov-chain Monte Carlo (MCMC)) and
pressure estimators for this model, concentrating on new de-
velopments. In Section IV, we digitize, discuss, and make
available numerical computations of the equation of state per-
formed since the paper byMetropolis et al., in 1953, and super-
pose them with large-scale computations done for this work.
Section V contains our conclusions. We also provide informa-
tion on statistical analysis (Appendix A) and introduce to the
HistoricDisks open-source software package, which col-
lects pressure data since 1953, and implements sampling algo-
rithms and pressure estimators (Appendix B) that were used in
this work.

II. HARD-DISK MODEL

The hard-disk model consists of N impenetrable, identi-
cal, classical disks of radius σ and mass m, that are per-
fectly elastic. Collisions are instantaneous; they cause no de-
formations and induce no rotations. Pair collisions conserve
momentum and energy. Disks evolve in a fixed rectangular
box of sides Lx and Ly (specified through the aspect ratio
α = (Lx : Ly)), which may have periodic boundary condi-
tions (“periodic” box), or else hard-wall boundary conditions
(“non-periodic” box). The two-dimensional volume (area) is
V = Lx × Ly . In the NV T ensemble that we consider here,
N , Lx, and Ly are fixed. For the hard-disk system, the mi-
crocanonical ensemble (of constant energy E) and the canon-
ical ensemble (of constant temperature T ) are almost equiva-
lent, and we connect the two throughout this work. In other
ensembles, the box can be of varying dimensions [35–37],
and N might vary [38]. The disk i is described by the po-
sition of its center xi = (xi, yi), and possibly by a velocity
vi = (vx,i, vy,i). We denote the set of positions and velocities
by x = {x1, . . . , xN} and v = {v1, . . . , vN}, respectively.
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A. Basic definitions and properties

We now discuss additional characteristics of the hard-disk
model and define its Newtonian dynamics. Furthermore, we
summarize the physics of two-dimensional particle systems.

1. System definitions, basic properties

Lx

Ly

0 Lx

Ly

0
0
0

FIG. 2. Packings for N = 72 disks for different aspect ratios α.
(a): Periodic box with α = (1 :

√
3/2), with conjectured optimal

packing. (b): Periodic box with α = (9 : 8
√
3/2) at the close-

packing density η = π/(2
√
3).

In the limit N → ∞, the properties of a particle system
with short-range interactions are independent of the boundary
conditions. At finite N , in contrast, the bulk part of the free
energy (that scales as V ) cannot be separated from the surface
term (that, in two dimensions, scales as

√
V ). For example,

a close-packed crystal of N = 72 = 8 × 9 disks can fit into
a periodic box of aspect ratio α = (9 : 8

√
3/2), whereas the

maximum density for the sameN in a box with α=(1:
√
3/2)

is slightly smaller (see Fig. 2). Evidently, the pressure in a box
containing a finite number of disks depends on its aspect ratio.

The following conventions for the volume or its inverse, the
density, have been commonly used in the literature. The first
is the volume V = Lx × Ly normalized by that of a perfect
hexagonal packing V0 = N(2σ)2

√
3/2 (as in Fig. 2b). Second

is the covering density η, the total volume of all disks normal-
ized by the box volume V . Third is the reduced density ρ, the
number N of disks of radius 1

2 divided by the volume and, fi-
nally, the inverse normalized density ν/(2σ)2 with ν = 1/ρ.
These quantities are related as follows:
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(1)

We will re-plot published equations of state with all four units,
thus simplifying the comparison of data.

In the hard-disk model, all configurations have zero poten-
tial energy, and the Newtonian time evolution conserves the

kinetic energy. Pairs of disks collide such that, in their center-
of-mass coordinate system, they rebound from their line of
contact with conserved parallel and reversed perpendicular ve-
locities [39]. At a wall collision, the velocity component of a
disk parallel to the wall remains the same while the perpendic-
ular velocity v⊥wall is reversed. When, at the initial time t = 0,
all velocities are rescaled by a factor γ, the entire trajectory
transforms as

{x1(t), . . . , xN (t)} vi→γvi∀i−−−−−−→ {x1(
t
γ ), . . . , xN ( t

γ )}. (2)

This property of hard-sphere models was already noticed by
Daniel Bernoulli [16].

Statistically, during the Newtonian hard-disk time evolu-
tion, the sets of positions and of velocities are mutually in-
dependent. All positions x that correspond to N -disk config-
urations have the same statistical weight π with a Cartesian
density measure and, in a non-periodic box, the velocities are
randomly distributed on the surface of the hypersphere in 2N -
dimensional space with radiusRv =

√
2E/m, whereE is the

conserved (microcanonical) energy. The measure in the 4N -
dimensional sample space of positions and velocities is thus

dπ ∝ Θ(x)dNx dNv δ

(
E −

∑
i

mv2i /2

)
, (3)

where Θ(x) = 1 for positions that correspond to hard-disk
configurations and Θ(x) = 0 otherwise. In a periodic box,
in addition, the two components of the total velocity and the
position of the center of mass in the rest frame are conserved.
For large N , where the ensembles are equivalent, the micro-
canonical energy per disk corresponds toE/N = kBT = 1/β,
where kB is the Boltzmann constant and T the temperature of
the canonical ensemble. The spatial part of the measure of
Eq. (3) remains unchanged, and the uniform velocity distri-
bution on the surface of the hypersphere in 2N dimensions
implies that the one-particle, marginal distribution of velocity
components becomes Gaussian:

π(vi,x) ∝ exp
(
−βmv2i,x/2

)
(N → ∞) (4)

(and analogously for vi,y , see [39, Sect. 2.1.1]).
The probability distribution of the velocity perpendicular to

a wall v⊥wall (essentially the histogram of momentum transfers
with the walls at the discrete wall-collision times) differs from
Eq. (3). For N → ∞, this distribution is biased by a factor
|v⊥wall| with respect to the Maxwell distribution:

π(|v⊥wall|) ∝ |v⊥wall| exp
(
−βm(v⊥wall)

2/2
)
, (5)

which has been described through the “Maxwell boundary
condition” (see [39, Sect. 2.3.1]). For finite N , the same bi-
asing factor appears. The distribution of the velocity perpen-
dicular to a wall is derived from the surface element on the
hypersphere of radius Rv =

√
v21 + · · ·+ v2n in n = 2N di-

mensions:

dΩ = Rn−1
v sinn−2 ϕ1 sinn−3 ϕ2 . . . sin ϕn−2dϕ1 . . . dϕn−1,

(6)
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where ϕ1, . . . , ϕn−2 ∈ [0, π] and ϕn−1 ∈ [0, 2π], and where
only v1 = Rv cos ϕ1 is expressed in terms of a single angle.
It is thus convenient to identify v1 with v⊥wall. The radius Rv

of the hypersphere at the microcanonical energy E = mR2
v/2

is related to the inverse temperature in the canonical ensemble
as R2

v = 2N/(mβ). With the integrals

A =

∫ π

0

dϕ1| cos ϕ1| sinn−2 ϕ1 =
2

n− 1
,

B =

∫ π

0

dϕ1 sinn−2 ϕ1 =
√
π
Γ[(n− 1)/2]

Γ(n/2)
,

(7)

this yields:〈
1

|v⊥wall|

〉
=

1

Rv

B

A
=

√
π

Rv

Γ(N + 1
2 )

Γ(N)

N→∞−→
√

πmβ

2
, (8a)

〈
|v⊥wall|

〉
= Rv

B

2NA
=

Rv
√
π

2N

Γ(N + 1
2 )

Γ(N)

N→∞−→
√

π

2mβ
,

(8b)

where in the limit N → ∞ the ratio of the Γ functions ap-
proaches

√
N . The relative perpendicular velocities∆v⊥ij (the

projection of the relative velocity vi − vj perpendicular to the
interface separating disks i and j at their collision) is, simi-
larly:〈

1

|∆v⊥ij |

〉
=

√
2π

Rv

Γ(N + 1
2 )

Γ(N)

N→∞−→
√
πmβ, (9a)

〈
|∆v⊥ij |

〉
=

Rv
√
π√

2N

Γ(N + 1
2 )

Γ(N)

N→∞−→
√

π

mβ
. (9b)

2. Pair correlations, entropic phase transition

In the hard-disk model, the Boltzmann weights are the same
for all sets of disk positions, since there are no explicitly vary-
ing interactions. In consequence, the two possible fluid phases
(namely the gas and the liquid) are confounded. A purely
entropic “depletion” interaction [40] between disks neverthe-
less arises from the presence of other disks, effectively driv-
ing phase transitions. The three phases of the hard-disk model
are fluid (with exponential decays of the orientational and po-
sitional correlation functions), hexatic (with an algebraic de-
cay of orientational and exponential decay of positional corre-
lations), and solid (with long-range orientational correlations
and an algebraic decay of positional correlations). The hex-
atic and solid phases have only been identified through numeri-
cal simulations, and mathematical proofs of their existence are
still lacking.

B. Hard-disk thermodynamics

In statistical mechanics, a homogeneous system (composed
of, say, N particles in a fixed box) is described by an equa-

tion of state connecting two quantities, as for example the vol-
ume and the pressure. When for some volumes, a homoge-
neous phase may not exist, two (or exceptionally three) phases
may coexist. We now link the definitions of the pressure from
the thermodynamic and kinematic viewpoints and then discuss
phase coexistence in finite systems.

1. Pressure, thermodynamic and kinematic definitions

In statistical mechanics, the pressure P is given by the
change of the free energy with the system volume:

βP =
∂ log Z
∂V

V ′→V
=

1

V − V ′
Z − Z ′

Z
. (10)

with Z the partition function and Z ′ ≡ Z(V ′). For hard
disks and related models, the rightmost fraction in Eq. (10)
expresses the probability that a sample in the original box of
volume V is eliminated in the box of reduced volume V ′ < V .
In rift-pressure estimators [41], the volume V of an Lx × Ly

box is reduced by removing an infinitesimal vertical or hor-
izontal slab (a “rift”), yielding the components Px and Py

of the pressure. Rifts can be placed anywhere in the box,
and one may even average any given hard-disk sample over
all vertical or horizontal rift positions (see Subsection III C).
We will also discuss homothetic pressure estimators, where
all box dimensions and disk coordinates are scaled down by a
common factor. Used for decades, they estimate the pressure
P = (Px + Py)/2.

Besides the thermodynamic definition of the pressure, one
can also define the kinematic pressure as the exchange of mo-
mentum with the enclosing walls. However, thermodynamic
and kinematic pressures are rigorously identical already at fi-
nite N , and the corresponding estimators can be transformed
into each another. This is also true for the pressure estimators
built on the virial formalism that we also discuss.

FIG. 3. Volume reductions for a non-periodic box. (a): Pathological
corner-grind volume reduction, that eliminates no samples for suffi-
ciently large σ. (b): Horizontal wall rift used to estimate the pressure
Py . (c): Vertical rift used to estimate Px. (d): Homothetic volume
reduction.

2. Equation of state, phase coexistence

In the thermodynamic limit, the stability of matter
is expressed through a positive compressibility κ =
−(∂V /∂P )/V . For a finite system in the NV T ensemble,
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this is not generally true in a presence of a first-order phase
transition, where two coexisting phases are separated by an in-
terface with its own interface free energy.

In a periodic two-dimensional box for finite N , on increas-
ing the density (decreasing the volume), a first-order phase
transition first creates a bubble of the denser phase in the less
dense phase (for hard disks: a hexatic bubble inside the fluid).
The stabilization of this bubble requires an extra “Laplace”
pressure corresponding to the surface tension, which renders
the overall pressure non-monotonic with V [29]. At larger
densities, the bubble of the minority phase transforms into a
stripe that winds around the periodic box. In the stripe regime,
the length of the two interfaces and thus the interface free en-
ergy do not change with V , so that the pressure remains ap-
proximately constant. Finally, one obtains a bubble of the
less dense phase (the fluid) in the surrounding denser (hex-
atic) phase (see Fig. 4). The phase coexistence is specific to
the NV T ensemble as certain specific volumes V /V0 do not
correspond to densities η = (N/V )πσ2 of a homogeneous
stable phase for N → ∞. Phase coexistence is absent in the
NPT ensemble. The pressure is then the control variable, and
the volume V /V0 is discontinuous at the transition, providing
for a simpler physical picture. However, in the NPT ensem-
ble and its variants, sampling algorithms generally converge
even more slowly than in the NV T ensemble.

The phase coexistence and the non-monotonous equation
of state are genuine equilibrium features at finite N . More-
over, the spatially inhomogeneous phase-separated equilib-
rium state is reached from homogeneous initial configurations
through a slow coarsening process, whose dynamics depends
on the sampling algorithm.

A (Phase I)

B (Phase II)

2
3

4

5

Finite N

1

1

2

3

4

5

FIG. 4. First-order phase transition in the NV T ensemble. (a): Free
energy with increasing second derivative, and thus a monotonously
decreasing pressure. (b): Free energy with—for the infinite system—
metastable branches starting at volumes V1 and V2, and a non-
monotonous equilibrium pressure P for finite N . (c): Sequence of
five regimes in a finite two-dimensional periodic box, with pure (1,5),
bubble (2,4) and stripe (3) phases.

III. SAMPLING ALGORITHMS AND PRESSURE
ESTIMATORS

In the present section, we discuss sampling algorithms
(molecular dynamics, MCMC) and pressure estimators for the
hard-disk model. All algorithms are unbiased and correct to
machine precision. For example, molecular dynamics imple-
ments the Newtonian time evolution of disks without discretiz-
ing time. The reversible Monte Carlo algorithms, from the
historic Metropolis algorithm to the recent massively parallel
Monte Carlo (MPMC) on graphics-card computers, satisfy the
detailed-balance condition: the net equilibrium flow vanishes
between any two samples. The non-reversible ECMC algo-
rithms only satisfy the global-balance condition, and samples
live in an extended “lifted” sample space.

Besides the sampling algorithms, we also discuss pressure
estimators, including recent ones that overcome the limitations
of the traditional approaches. Thermodynamic pressure esti-
mators compute the probability with which a sample is elim-
inated as the box is reduced in size while kinematic pressure
estimators determine the momentum fluxes at the walls or in-
side the box. Importantly, both types of estimators have the
same expectation value (the pressure P or its components Px

or Py), and they merely differ in their efficiency and ease of
use. Even at finite N , there is thus no ambiguity in the defini-
tion of the pressure. The various estimators play a key role
in the equation-of-state computations in Section IV. All al-
gorithms and estimators are cross-validated for four disks in
a non-periodic square box (see Appendix B 2 a). These tiny
simulations illustrate the absence of any finite-N bias in the
pressure estimators.

A. Event-driven molecular dynamics (EDMD)

Event-driven molecular dynamics (EDMD) [42] imple-
ments the Newtonian time evolution for the hard-disk model
by stepping forward from one event (pair collision or wall col-
lision) to the next. Between collisions, the disks move with
constant velocities. Collisions of more than two disks, or si-
multaneous collisions can be neglected. For large run times
τsim, if the sample space is connected, molecular dynamics
samples the equilibrium distribution of positions and veloci-
ties of Eq. (3).

1. Naive molecular-dynamics program

From a given set of positions and velocities forN = 4 disks
in a non-periodic box, our naive EDMD code computes the
minimum over all pair collision times for the N(N − 1)/2
pairs of disks, and over the wall collision times for theN disks.
This minimum corresponds to a unique collision event (multi-
ple overlaps appearing with finite-precision arithmetic can be
treated in an ad-hoc fashion). The code then updates all the po-
sitions and the velocities of the colliding disks. This algorithm
is of complexityO

(
N2
)
per event. A related naive program in

a periodic box (with arbitrary N ) is used for cross-validation



6

of other algorithms. Practical implementations of EDMD pro-
cess the collisions through floating-point arithmetic. As the
hard-disk dynamics is chaotic for almost all initial configu-
rations, trajectories for different precision levels quickly di-
verge and only the statistical properties of the trajectories are
believed to be correct.

2. Modern hard-disk molecular dynamics

The complexity of EDMD can be reduced from the naive
O
(
N2
)
per event scaling to O (logN). This is because the

collisions of a given disk must only be tracked with other disks
in a local neighborhood (reducing by itself the complexity to
O (N)) and because the collision of two disks i and j only
modifies the future collision times for pairs involving i or j
(see [43, 44]). This algorithm keepsO (N) candidate events of
which a finite number must be updated after each event. Using
a heap data structure, this is of complexity O (logN), while
the retrieval of the shortest candidate event time (the next event
time) isO (1). Although the update of the event times involves
elaborate book-keeping, and although the processing of events
according to collision rules is time-consuming, the EDMD al-
gorithm is thus fairly efficient. It has been successfully used
for the hard-disk model up to intermediate sizes (N ≲ 2562

in the transition region). Open-source implementations of this
algorithm are available [45]. The EDMD algorithm has not
been successfully parallelized, despite some efforts in that di-
rection [46].

B. Hard-disk Markov-chain Monte Carlo

Hard-disk Monte-Carlo algorithms consider a sample space
consisting of the N positions. Initial samples that are easy
to construct, are modified through reversible or non-reversible
schemes. In the large-time limit, the equal-probability mea-
sure of the positions in Eq. (3) is reached.

1. Local hard-disk Metropolis algorithm

In the local hard-disk Metropolis algorithm [28], at each
time step, a small random displacement of a randomly chosen
disk is accepted if the resulting sample is legal and is rejected
otherwise. A move and its inverse are proposed with the same
probability, so that the algorithm satisfies the detailed-balance
condition with a constant equilibrium probability, and the net
probability flows vanish.

The local Metropolis algorithm has been much used to ob-
tain the hard-disk equation of state. On a modern single-core
central-processing unit (CPU), this algorithm realizes roughly
∼ 1010 moves per hour. (For simplicity, we use “moves” for
“proposed moves”.) However, its convergence is very slow.
In Section IVB 2, we will show evidence of mixing times [47]
in excess of 10 years of CPU time for ∼ 106 disks. The se-
quential variant of the local Metropolis algorithm updates the

disk i + 1 (identifying N + 1 ≡ 1) at time t + 1 after hav-
ing updated disk i at time t. This non-reversible version runs
slightly faster as it requires fewer random numbers per move,
but the performance gain is minimal.

2. Massively parallel Monte Carlo (MPMC) algorithm

The MPMC algorithm generalizes the local Metropolis al-
gorithm for implementation on graphical processing units
(GPU) [48]. It uses a four-color checkerboard of rectangu-
lar cells of sides larger than 2σ, that is superposed onto the
periodic box and is compatible with the periodic boundary
conditions. Cells of the same color are distant by more than
2σ. They are aligned with the êx and êy axes. The MPMC
algorithm samples one of the four colors, and then indepen-
dently updates disks in all corresponding cells using the local
Metropolis algorithm with the additional constraint that disks
cannot leave their cells (see Fig. 5). After a certain time, the
color is resampled. The checkerboard is frequently detached
from the box, then randomly translated and repositioned, ren-
dering the algorithm irreducible.

On a single NVIDIA GeForce RTX3090 GPU, our MPMC
code reaches 2.1×1013 moves per hour, an order of magnitude
more than an earlier implementation [49, Table II]. Reposi-
tioning the checkerboard is computationally cheap and is done
often enough for the convergence time, measured in moves, to
be only slightly larger than for the local Metropolis algorithm.

FIG. 5. Four-color checkerboard decomposition in a periodic box,
with cells larger than 2σ. If the green color is chosen, highlighted
disks may move, but cannot leave their cells. Disks in different green
cells do not communicate.

3. Hard-disk event-chain Monte Carlo (ECMC)

Hard-disk ECMC is a non-reversible continuous-time
“lifted” Markov chain [34] in which—on a single processor—
at each time t, a single active disk moves with constant veloc-
ity, while all the others are at rest. The identity and velocity
of the active disk constitute additional “lifting variables” in an
extended (lifted) sample space [50–52]. At a collision event,
the active disk stops, and the target disk becomes active. The
variants of ECMC differ in how the velocity is updated. In the
straight variant, the velocity of the active disks is maintained
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after a pair-collision event. It is usually chosen to be either in
the ±êx or the ±êy direction, that is, along one of the coor-
dinate axes. At a wall-collision event, the velocity is flipped,
for example from ±êx to ∓êx. In addition, resampling events
take place typically at equally spaced times separated by the
run-time interval τsim. At such resamplings, a new active disk
is sampled, and the new velocity is sampled from {±êx,±êy}.
With periodic boundary conditions, the new velocity is sam-
pled from {+êx,+êy}.

Under conditions of irreducibility and aperiodicity, ECMC
samples the equilibrium distribution of hard-disk positions
with non-zero net probability flows. However, the hard-sphere
ECMC and the hard-sphere local Metropolis algorithm are not
strictly irreducible [53]. ECMC is much more powerful than
the local Metropolis algorithm, and in Section IVB 2, we will
evidence speedup factors of ∼ 103. The HistoricDisks
software package (see Appendix B) contains sample codes for
straight ECMC, reflective ECMC [34], forward ECMC [54],
and Newtonian ECMC [55]. Straight ECMC is fastest for the
hard-diskmodel, and it was successfully parallelized [56]. The
performance of straight ECMC is roughly of 1010 events (colli-
sions) per hour on a modern single-core CPU. Its parallelized
version reaches ≲ 1011 events per hour. This performance
is currently limited by a hardware bandwidth bottleneck [57],
that will be overcome in the near future.

C. Hard-disk pressure estimators

As discussed in Subsection II B 1, the pressure describes, on
the one hand, the change of the free energy when the volume
is reduced and, on the other hand, the time-averaged momen-
tum exchange with the walls. In the present subsection, we
reduce the volume through rifts and rift averages, and by uni-
formly shrinking the box. We also compute the momentum
exchange directly and through a virial formula. Our motiva-
tion is two-fold. First, we obtain practical pressure estimators
that we implement in our algorithms. Second, we discuss in
detail that all the pressure estimators of Monte Carlo and of
molecular dynamics compute the same object, and this even
for finite systems. The decades-long discrepancies in the esti-
mated pressures can thus not be traced to differences in their
definitions.

1. Rifts and rift averages

In an Lx × Ly box, the volume may be reduced through a
vertical “rift” [xr, xr + ϵ]× [0, Ly] with disk positions trans-
forming as:

{x, y} →


{x, y} if x < xr

∅ if xr ≤ x < xr + ϵ

{x− ϵ, y} if x ≥ xr + ϵ,

(11)

where “∅” means that the position is eliminated. A rift either
transforms a uniform hard-disk sample into a uniform sample
in the reduced box, or else eliminates it because a disk falls

inside the rift or because two disks overlap (see Fig. 6) In a
non-periodic box, wall rifts at xr = 0 or xr = Lx − ϵ (and
likewise for y) chip off a slice from the surface. Vertical rifts,
as in Eq. (11), estimate the pressure Px, and horizontal rifts
([0, Lx]× [yr, yr + ϵ]) the pressure Py . Simultaneous vertical
and horizontal rifts with Lyϵx = Lxϵy conserve the aspect
ratio of the box. Equivalent to a homogeneous (homothetic)
rescaling of the box, they estimate the pressure P = (Px +
Py)/2. The pressure can be estimated for finite ϵ from a finite

FIG. 6. Vertical rift [xr, xr + ϵ] × [0, Ly]. (a): Lx × Ly box with
vertical rift of width ϵ at position xr . (b): Transformed sample, which
is eliminated because of a pair overlap.

number of samples, but then requires an extrapolation towards
ϵ → 0. In EDMDandECMC, the extrapolation can be avoided
because of the infinite number of samples produced in a given
run-time interval τsim.

We first reduce the volume V of a non-periodic Lx × Ly

box by a vertical wall rift with xr = Lx − ϵ or by a horizontal
wall rift with yr = Ly − ϵ. A sample in the original box is
eliminated through the wall rift with the probability that one of
the disks overlaps the wall rift. Disk i is at position xi with the
normalized single-disk probability density π(1)(xi) and at an
x-position in the interval [Lx−σ−ϵ, Lx−σ]with probability
ϵ
∫
dyπ(1)(Lx−σ, y). We normalize the single-disk density ρ

to V , so that the normalized probability density π(1)(xi) of a
given disk i to be at position xi equals π(xi) = ρ(xi)/V . We
then use the rescaled line density ρx(x) =

∫
dyρ(x, y)/Ly ,

and likewise for ρy(y). With the vertical rift volume ϵLy and
analogously for the horizontal one, this gives the wall-rift pres-
sure estimator:

β

[
Px

Py

]
=

N

V

[
ρx(Lx − σ)
ρy(Ly − σ)

]
. (12)

Naively, the rescaled line densities ρx and ρy are obtained from
a histogram of the x-coordinates, extrapolated to x = Lx − σ
and equivalently, to x = σ (see Table I, line 1 and Ap-
pendix A).

Within EDMD, the rescaled line densities of Eq. (12) can
be computed, without extrapolation, from the time interval
∆t = 2ϵ/|v⊥wall| before and after the collision during which
a disk with perpendicular velocity v⊥wall overlaps with the wall
rift at xr = Lx − ϵ. The time interval ∆t here simply in-
dexes equilibrium samples and has no kinematicmeaning. The
change of volume (by the two rifts at x = 0 and x = Lx)
equals 2ϵLy . For ϵ → 0, only a single disk overlaps with the
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# Sampling method: pressure estimator βP

1 EDMD: wall-rift fit (see Eq. (12)) 10.74(7)

2 EDMD: wall rift (see Eq. (13c)) 10.79625(4)

3 ECMC: wall rift (see Eq. (14)) 10.7962(4)

4 EDMD: rift average (see Eq. (19a)) 10.79629(3)

5 ECMC: rift average (see Eq. (20)) 10.7962(4)

6 EDMD: homothetic fit (see Eq. (27a)) 10.74(4)

TABLE I. Thermodynamic pressure estimates for four disks of radius
σ = 0.15 in a non-periodic square box of sides 1. The kinematic
estimators of Subsection III C 3 lead to identical expressions.

wall rift, leading to the EDMD wall-rift estimator:

βPx =
1

2Lyτsim

∑
w:(i,±êx)

2

|v⊥(i)|
(13a)

=

〈
2

|v⊥wall|

〉 n̂±êx
wall︷ ︸︸ ︷

1

2Lyτsim

∑
w:(i,±êx)

1 (13b)

=
2
√
π√∑
v2i

Γ(N + 1
2 )

Γ(N)
n̂±êx
wall (13c)

N→∞−→
√
2πβmn̂±êx

wall . (13d)

The sum in Eq. (13a) goes over thewall collisionsw of all disks
i in±êx direction, and n̂±êx

wall is the wall-collision rate per verti-
cal unit line element. In Eq. (13), the right-hand sides are esti-
mators, whose expectation yields the pressure on the left-hand
side. In this equation and the following ones, the additional
⟨. . .⟩ (such as n̂±êx

wall →
〈
n̂±êx
wall

〉
in Eqs (13c) and (13d)) are

omitted. In Eq. (13a), the estimator has infinite variance. It is
regularized through its mean value in Eq. (13b). The latter is
evaluated in Eq. (13c) with the Maxwell-boundary expression
of Eq. (8), and tested to 4×10−6 in relative precision against
other estimators (see Table I, line 2). The pressure estima-
tor of Eq. (13c) can also be derived as a kinematic pressure
estimator through the momentum transfer with the walls (see
Subsection III C 3). Thermodynamic and kinematic pressures
thus agree already at finite N .

The wall-rift pressure estimator adapts non-trivially to
ECMC. We consider straight ECMC with a single active disk
that moves with unit speed along the ±êx direction. As a
lifted Markov chain, ECMC splits the equilibrium probabil-
ity of each “collapsed” sample x equally between the N lifted
copies (consisting of x and of the label of the active disk for a
given displacement vector) (see [52] and [58, Appendix A]).
ECMC only determines overlaps with the walls for the active
disk, and a lifted sample that must be eliminated is detected
with a biased probability 1/N . This bias is corrected by mul-
tiplying the right-hand side of Eq. (13a) byN , resulting in the
ECMC wall-rift estimator:

βPx =
N

2Lyτsim

∑
w:(a,±êx)

2

|v⊥wall|
= 2Nn̂±êx

wall (14)

(see Fig. 7a). It is tested to 4×10−5 in relative precision (see
Table I, line 3).

Within molecular dynamics and ECMC, pressures can also
be estimated by rifts inside the box and in particular by aver-
ages over all rift positions xr in addition to the average over
τsim already contained in the wall-rift estimators. This can be
written as

βPx =
1

ϵLy

1

Lxτsim

∫ t+τsim

t

dτ
∫ Lx−ϵ

0

dxrΘ(τ, xr), (15)

where Θ(τ, xr) is zero if the sample at time t + τ is main-
tained after the reduction with parameter xr and one if it is
eliminated. The ideal-gas contribution to Eq. (15),

βP ideal gas
x =

ϵN

Lx

1

ϵLy
=

N

V
, (16)

counts the proportion of rifts that eliminate samples because
the centers of the disks fall inside. The pair-collision contri-
bution to Eq. (15) is derived considering the sample shown in
Fig. 6. If the distance between two disks i and j is in the inter-
val [2σ, 2σ + ϵ∆xmin

ij /(2σ)], where ∆xmin
ij is the x-separation

at contact, the corresponding samples are eliminated for a time
(2/|∆v⊥ij |)[ϵ∆xmin

ij /(2σ)] for vertical rifts in the interval of
length ∆xmin

ij between the two disks at contact. Together with
the wall term analogous to Eq. (13), the rift-average pressure
estimator for EDMD thus reads:

βPx =
N

V
+

1

V τsim

∑
p:(ij)

|∆xmin
ij |2

2σ

〈
2

∆v⊥ij

〉

+
∑

w:(i,±êx)

〈
2σ

|v⊥wall|

〉 , (17)

where the mean values again involve Maxwell-boundary ex-
pressions. Eq. (17) can be combined with an analogous ex-
pression for Py to obtain the EDMD rift-average estimator for
P :

βP =
N

V
+

σ

V τsim

∑
p:(ij)

〈
2

∆v⊥ij

〉

+
∑

w:(i,±êx,±êy)

〈
1

|v⊥wall|

〉 .

(18)

In a non-periodic box, using Eqs (8) and (9), the EDMD rift-
average estimator takes the form

βP =
N

V
+

σ
√
π√∑
v2i V

Γ(N + 1
2 )

Γ(N)
(n

±êx±êy
wall +

√
2npair)

(19a)

N→∞−→ N

V

(
1 +

σ
√
πmβ

N
npair

)
, (19b)
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FIG. 7. ECMC rift estimators. (a): The ECMC wall-rift estimator
only detects rift overlaps of the active disk, explaining the factorN in
Eq. (14), that is absent in Eq. (13a). (b): A pair of disks (i, j) leading
to the elimination of the sample is detected only if either i or j are
active, explaining a factor N/2 entering Eq. (20). (c): Illustration of
the x-separation at contact ∆xmin

ij (also relevant for EDMD).

where n±êx±êy
wall is the wall-collision rate, the number of all wall

collisions per time interval, and similarly for the pair-collision
rate npair. In the N → ∞ limit of Eq. (19b), wall collision
play no role. The EDMD rift-average estimator of Eq. (19a) is
tested to 3×10−6 in relative precision (see Table I, line 4).

Rift-average pressure estimators for ECMC detect wall and
pair collisions with biases (see Eq. (14)), that must again be
corrected, namely by a factor N for each wall event and by
a factor N/2 for each pair event, the latter because a lifted
sample of N disks that must be eliminated is detected only if
either i or j are active (see Fig. 7c). This leads to the straight-
ECMC rift-average estimator,

βPx =
N

V
+

N

V τsim

∑
p:(ij)

∆xmin
ij +

∑
w:(i±êx)

2σ

 , (20)

that again differs in the factors ∝ N from the corresponding
formulas of EDMD. Furthermore, it averages over a bounded
distribution of ∆xmin

ij , with the wall-velocity only taking the
values ±1, whereas in EDMD, the corresponding continuous
distributions of 1/|∆v⊥ij | and of 1/|v⊥wall| have infinite vari-
ance. The straight-ECMC estimator of Eq. (20) is tested to
4×10−5 in relative precision (see Table I, line 5).

In a periodic box, there are no wall collisions, and the di-
rection of motion of straight ECMC is either +êx or +êy . In
Eq. (20), all the x-separations at contact ∆xmin

ij and the chain
length τsim (which, because of the unit velocity, corresponds to
the total displacement) add up to the difference of the final po-
sition xfinal of the last disk of the chain and the initial position
xinitial of the chain’s first disk. Here, periodic boundary condi-
tions are accounted for, so that in the absence of collision, this
distance equals τsim. For an event chain in the +êx direction,
Eq. (20) thus simplifies into the straight-ECMC estimator for
a periodic box [41]:

βPx =
N

V τsim
(xfinal − xinitial), (21)

that is easy to compute, and that will be used extensively in
Section IV. There, we alternate event chains in +êx, which
estimate Px, and event chains in +êy , which estimate Py . Al-
ternating the direction of straight-ECMC chains is required for

convergence towards equilibrium. The rift-average estimator
generalizes to other variants of ECMC. The pressure Py can
also be estimated through event chains in±êx and horizontal-
rift averages, leading for the straight ECMC in +êx to:

βPy =
N

V
+

N

V τsim

∑
p:(ij)

|∆ymin
ij |2

∆xmin
ij

. (22)

However, this estimator has infinite variance and is less con-
venient than Eq. (21).

2. Homothetic volume reductions

Besides by rifts, the volume V of an Lx × Ly box can be
reduced by a homothetic transformation, where the box and all
positions xi are homogeneously scaled by a factor 1− ϵα < 1,
while the disk radii σ remain unchanged. The transformation
of the box corresponds to simultaneous horizontal and vertical
rifts of equal rift volume, but the disk positions then transform
inhomogeneously, as in Eq. (11).

A homothetic volume reduction yields the pressure βP =
β(Px + Py)/2, rather than one of the components. It may be
performed in two steps. In a first step (from (σ, V ) to (σ′, V ),
see Fig. 8), the box and the xi are unchanged, but the disks are
swollen by a factor 1/(1− ϵα), possibly eliminating samples.
In a second step, all lengths are rescaled by 1− ϵα, so that the
radii return to σ. This second step (from (σ′, V ) to (σ, V ′)) is
rejection-free, and its reduction of sample-space volume, with
Z(σ, V ′) = (V ′/V )NZ(σ′, V ), constitutes the ideal-gas term
of the pressure.

FIG. 8. A homothetic volume reduction performed through a swelling
of disks followed by a uniform reduction of all lengths (box, positions,
radii).

In the two-stage transition Z(σ, V ) → Z(σ′, V ) →
Z(σ, V ′), the two-step procedure turns Eq. (10) into

βP
V ′→V
=

log [Z(σ, V )]− log [Z(σ, V ′)]

V − V ′

=
N

V
+

1

V − V ′
Z(σ, V )− Z(σ′, V )

Z(σ, V )
.

(23)

The final term again divides the elimination probability of a
sample by the change of volume (see also [59–62]).

The pair-elimination probability is expressed by the nor-
malized probability density ĝ(rx, ry), with ĝ(rx, ry)drxdry
the probability that a that a given pair distance is in [rx, rx +
dx][ry, ry + dy]. With ĝ(r) as the average of ĝ(rx, ry) over
the corresponding ring of radius r, the probability that a given
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pair distance is in the interval [r, r + dr] is thus 2πrĝ(r)dr.
By convention, the pair correlation function g(r) is normal-
ized to g(r) = V ĝ(r). For our application, we have r = 2σ
and dr = 2σϵα, and there are N(N − 1)/2 pairs of disks.
Also, the absolute change of volume for Lx → Lx(1 + ϵα)
and Ly → Ly(1 + ϵα) is 2V ϵα. The pair-collision contribu-
tion to the pressure is thus:

βP pair =
N

V

N − 1

V
2πσ2g(2σ), (24)

an expression that is correct for finiteN and in periodic or non-
periodic boxes. The extrapolation of g(2σ) from a histogram
is detailed in Appendix A. The range of distances to the wall
that are eliminated is [σ, σ(1+ ϵα)], and the change in volume
remains 2ϵαV . The contribution to the pressure of the wall at
x = 0 is then

βPwall,−êx =
Nσϵα
2ϵαV

∫
dyπ(σ, y) =

Nσ

2V Lx
ρx(σ). (25)

where we used the rescaled line densities ρx and ρy which re-
main O (1) for V → ∞ (see Subsection III C 1). Summing
over the four wall terms, one arrives at

βPwall =
Nσ

V

[
ρx(σ)

Lx
+

ρy(σ)

Ly

]
. (26)

The computation of the line densities ρx(σ) and ρy(σ) from a
histogram is detailed in Appendix A. The combined pair and
wall contributions yield the homothetic pressure estimator for
a non-periodic Lx × Ly box:

βP = N/V+

N

V

[
2π

(N − 1)σ2

V
g(2σ) + σ

ρx(σ)

Lx
+ σ

ρy(σ)

Ly

]
(27a)

N→∞−→ N

V
[1 + 2ηg(2σ)] . (27b)

Eq. (27a) is tested by histogram fits and extrapolations to con-
tact of ρ(σ) and g(2σ) to 4×10−3 in relative precision (see
Table I, line 6). Eq. (27b) has long been used for estimating
pressures in MCMC [28].

EDMD and ECMC can estimate the pressure without the
extrapolations of the pair correlation functions and the wall
densities by tracking the time during which pairs of disks are
close to contact, or a disk is close to the wall. The explicit com-
putation for EDMD simply reproduces Eqs (18) and (19), both
at finite N and in the thermodynamic limit. The correspond-
ing homothetic pressure estimators for ECMC are readily de-
rived, but they have diverging variances that require specific
care. For all variants except straight ECMC, they correctly es-
timate wall contributions to the pressure and can be used for
non-periodic boxes. The velocities of straight ECMC are al-
ways parallel to some walls, precluding the estimation of all
wall contribution to the pressure.

3. Kinematic pressure estimators

Kinematic pressure estimators of EDMD determine the
time-averaged exchange of momentum between disks, or be-

tween disks and a wall. Their use goes back to Daniel
Bernoulli [16], who pointed out that under the scaling vi →
γvi∀i of Eq. (2), both the number of collisions per time in-
terval and the momentum transmitted scaled as γ, so that the
pressure had to be proportional to the square of the (mean) ve-
locity (in other words to the temperature). In the non-periodic
Lx × Ly box, the transmitted momentum with, say, the ver-
tical walls at x = 0 and x = Lx gives the kinematic EDMD
estimator:

Px =
1

2Lyτsim

∑
w:(i,±êx)

2m|v⊥wall| (28a)

= 2m
〈
|v⊥wall|

〉
n̂±êx
wall (28b)

=
mRv

√
π

N

Γ(N + 1
2 )

Γ(N)
n̂±êx
wall , (28c)

N→∞−→
√
2πβmn̂±êx

wall , (28d)

where in Eq. (28c), we used Eq. (8b). Already at finite N ,
the kinematic EDMD estimator of Eq. (28c) is identical to the
thermodynamic wall-rift pressure estimator of Eq. (13c), as we
may identify R2

v = 2N/(mβ).
The EDMD kinetic pressure estimator can also be derived

from the virial function

Gx = m

N∑
i=1

xivi,x (29)

which is strictly bounded during molecular dynamics, so that
its mean time derivative vanishes:〈

d
dt
Gx

〉
=

〈
d
dt
Gwall

x

〉
+

〈
d
dt
Gpair

x

〉
+m

〈
N∑
i=1

v2i,x

〉

= m

〈
N∑
i=1

(xiv̇i,x + v2i,x)

〉
= 0. (30)

The wall contribution to this expression stems from collisions
with the vertical walls at x = 0 and x = Lx, which are given
by 2m

〈
|v⊥wall|

〉
σ and −2m

〈
|v⊥wall|

〉
(Lx − σ), respectively.

This results in〈
d
dt
Gwall

x

〉
= −2m

〈
|v⊥wall|

〉
(Lx/2− σ)n±x

wall (31a)

= −V Px + 2mσ
〈
|v⊥wall|

〉
2Lyn̂

±x
wall, (31b)

where we have used Eq. (28b).
For the pair-collision contribution to Eq. (30), we use that

at the collision of disks i and j, the distance ∆xij = xi − xj
satisfies |∆xij | = 2σ. With the unit vector ê⊥ = ∆xij/(2σ)
and the velocity difference∆v = vi−vj (before the collision),
the change of the velocity of disk i is −ê⊥(∆v ··· ê⊥), and the
change of the velocity of disk j is ê⊥(∆v ··· ê⊥) (see [39, Sect.
2.1.1]). An individual pair collision thus contributes

−m
(∆xmin

ij )2

4σ2
(∆v ···∆xmin

ij )︸ ︷︷ ︸
−2σ|∆v⊥

ij |

, (32)
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an expression where both terms can be averaged indepen-
dently. Finally, we may use

〈
v2i,x
〉
= R2

v/(2N) to rearrange
Eq. (30) into a kinematic EDMD pressure estimator:

βPx =
N

V
+

β

V τsim

∑
w:(i,±êx)

〈
2σ|v⊥wall|

〉
+
∑
p:(ij)

(∆xmin
ij )2

4σ2

〈
2σ∆v⊥ij

〉
. (33)

Using Eqs (8) and (9), this kinematic estimator is seen to
be equivalent to the thermodynamic rift-average estimator of
Eq. (17).

IV. EQUATION-OF-STATE COMPUTATIONS

We now compare historic hard-disk pressure computations
since 1953 [14, 28, 49, 63–67] with massive simulation results
obtained in this work using the sampling algorithms and pres-
sure estimators of Section III. Our re-evaluation will illustrate
the three principal challenges that the hard-disk model shares,
mutatis mutandis, with other sampling problems. First, the es-
timate of the pressure continues to depend on the initial con-
figuration for very long run times, until equilibrium is reached.
We will call this time the “mixing time” [47] in a slight abuse
of terminology, as we do not consider certain pathological
initial configurations, which trap the Markov chain forever
(see [53]). The pioneering works, by Metropolis et al. and
by Alder and Wainwright obtained crucial insights from very
short computer experiments with run times much below the
mixing time. However, later works that attempted to inter-
pret manifestly unequilibrated samples [68–70], or that failed
to recognize the lack of convergence, arrived at qualitatively
wrong conclusions. In the hard-disk model, mixing times can
be bounded rigorously only at small densities [71]. At higher
densities, heuristic criteria for the mixing time, which have not
been fully presented before, appear crucial. In our case, they
depend on time series of other observables than the pressure,
or on multiple runs from qualitatively different initial config-
urations.

The second challenge for hard-disk computations consists in
the intricate dependence of the pressure on the shape of the box
(that is, the aspect ratio) and on the number N of disks, ren-
dering extrapolations to the thermodynamic limit non-trivial.
In small boxes, the hexatic and solid phases are confounded,
as they only differ at large distances, so that the behavior in the
thermodynamic limit is not necessarily reflected in the equa-
tion of state at small N .

The third challenge concerns the very evaluation of the pres-
sure. Within Monte Carlo methods, the pressure was long
evaluated through extrapolation towards contact of the pair
correlation function in Eq. (27b), a procedure fraught with un-
certainty. The rift formulas of Subsection III C that originated
with ECMC, and that we even use in MPMC as short ficti-
tious ECMC runs placed at regular time intervals, overcome
the need for extrapolations.

A. Hard-disk equation of state for small N

Since the early days of computer simulation, the pressure of
the hard-disk model has been computed with the aim of deter-
mining its phase behavior in the thermodynamic limit. While
the identification of thermodynamic phases in finite systems
can be subject to discussion, the pressure is unambiguously
defined, and it can in principle be computed to arbitrary pre-
cision.

1. Metropolis et al. (1953), rotation criterion

In 1953, in the publication that first introduced MCMC,
Metropolis et al. [28] estimated the pressure from the extrap-
olated pair-correlation function for 224 disks in a periodic
square box. This number 224 = 16×14 disks can be perfectly
packed at density η = π/(2

√
3) = 0.907 in an almost square-

shaped box of aspect ratio α= (16
√
3/2 : 14) = (0.9897 : 1)

and almost at that density in a perfectly square box. Metropolis
et al. concluded that “(t)here is no indication of a phase tran-
sition”. The equation of state forN = 224, α=(1:1), recom-
puted in this work using straight ECMC to a relative precision
of 10−4, is somewhat higher than the historic pressures. It is
also slightly non-monotonic (see Fig. 9a).

The 224-disk square-box system of Metropolis et al., from
1953, carries lessons that are pertinent to the present day. In-
deed, in a square box, any hard-disk sample can be rotated
by an angle π/2 = 90° into another valid sample. At high
enough density, two such samples are inequivalent because the
local hexagon which describes the six disks that typically sur-
round any given disk has on average a 60° symmetry but not
a 90° symmetry. For each local set of samples, there thus ex-
ists another inequivalent set of samples (generated through a
90° rotation) of identical statistical weight. This rotation, and
the corresponding transformation of samples can be formal-
ized through the global orientational order parameter

Ψ6 =
1

N

∑
l

1

nbr(l)

nbr(l)∑
j=1

e6iϕlj , (34)

that changes fromΨ6 to−Ψ6 (that is, arg(Ψ6) → arg(Ψ6)+π)
under a rotation by 90°. In Eq. (34), ϕlj is the angle of the
line connecting disks l and j with respect to the êx-axis, and
nbr(l) is the number of neighbors of l resulting from a Voronoi
construction. In a square box, the ensemble average of the
orientational order parameter thus satisfies ⟨Ψ6⟩ = 0, and for
an irreducible Markov chain, it agrees with its time average,
as expressed in the ergodic theorem [47]:

Pπ{0}

[
lim
t→∞

1

t

t∑
i=1

fi = ⟨f⟩

]
= 1, (35)

where f is a function of the sample at time i given the distri-
bution π{0} of initial configurations, and P is the probability.
As the mean value ⟨Ψ6⟩ is known to vanish, we can employ
Eq. (35) with f = Ψ6 as a diagnostic tool and suppose that
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FIG. 9. Equations of state P (V ) for the hard-disk model at smallN . (a): P (V ) forN = 244 for α=(1:1) computed in 1953 [28] compared
with ECMC computations (this work). (b): P (V ) forN = 72 computed in 1962 [14] (for unspecified aspect ratio α) and ECMC pressures for
α= (1 :

√
3/2), (1 : 1), and (9 : 8

√
3/2). (c): P (V ) for N = 870. This work’s square-box computations satisfy ⟨Ψ6⟩ ≃ 0, except for data

points in parentheses (see Fig. 10).

the hard-disk Markov chain in a square box reaches the mix-
ing time (with errors decreasing as the square root of the run
time) only when the orientational order parameterΨ6 has been
rotated by more than 180° [72]:

|supp(arg(Ψ6)| > π. (36)

Here, “supp” stands for the support of the empirical distribu-
tion, in our case for the range of angles of Ψ6 that are vis-
ited during a simulation. This heuristic rotation criterion sup-
poses that the orientational order parameterΨ6 is the slowest-
decaying variable in the hard-disk system. Our time series
of Ψ6 in a square box, with known mean value ⟨Ψ6⟩ = 0,
pinpoints problems with a hard-disk pressure estimation that
might not be signaled by the time series of the pressure itself.
We use the rotation criterion in two different settings. In small
systems (as the 224-disk case of Metropolis et al.), the entire
range of arg(Ψ6) values is swept through many times, lead-
ing to high-precision estimates for the pressure, even though it
strongly depends on the angle. In large systems, as the hard-
disk model with N = 1282 at η = 0.716, that we will discuss
in Fig. 12, we barely satisfy the criterion, but it still assures
us that up to a symmetry Ψ6 → −Ψ6 all relevant regions of
sample space were visited. High-precision estimates for the
pressure now result from the fact that the pressure depends
weakly on arg(Ψ6).

Our ECMC simulations satisfy the rotation criterion for
N = 224 in a periodic square box up to a density η = 0.72.
At large enough densities, the ECMC simulation may remain
for long times in a set of samples with essentially the same
value of arg(Ψ6) before flipping to another set of samples with
arg(Ψ6) + π. This very slow rotation of Ψ6 is a harbinger of
the serious convergence problems of the hard-disk model for
largerN at densities of physical interest. As we will show, the
pressure is strongly correlated with Ψ6 up to moderate values
of N .

2. Revisiting Alder and Wainwright (1962)

Alder andWainwright, in 1962, used EDMD to estimate the
pressure for 72 and 870 disks in rectangular periodic boxes for
which they did not specify the aspect ratios. As already dis-
cussed in Fig. 1, their non-monotonic equation of state led to
the prediction of a phase transition. The computed pressure
is independent of the sampling method (molecular dynamics,
local Metropolis algorithm, ECMC), but it depends on the as-
pect ratio of the box. For 72 = 9 × 8 disks and aspect ratio
α = (9 : 8

√
3/2) = (1 : 0.7698) where they can be perfectly

packed, the equation of state obtained by ECMC in this work
agrees remarkably well with the historic data (see Fig. 9b). In
contrast, for a square box (aspect ratioα=(1:1)), the equation
of state follows a slight “S” shape, but it remains monotonous
for all densities. For the aspect ratio α=(1 :

√
3/2), the pres-

sure is barely “S” shaped. For the aspect ratio α=(1 : 1), our
ECMC computations satisfy the rotation criterion up to den-
sities η ≲ 0.74, and pressure estimates achieve 10−4 relative
precision.

For 870 disks, the dependence of the pressure on the aspect
ratio is less pronounced than for N = 72 (see Fig. 9c). Since
870 = 30 × 29, this number of disks can be close-packed for
the aspect ratio α = (29 : 30

√
3/2) = (1 : 0.896). For the

aspect ratio α=(1 : 1), the orientation criterion of Eq. (36) is
again satisfied up to high densities (see Fig. 10a). However,
even at moderate densities, an ECMC run can take several
CPU hours before visiting all possible orientations, and the
pressure clearly correlates with the orientation (see Fig. 10b).
On smaller time scales, the time series remains blocked in sam-
ples that all roughly have the same orientational order parame-
terΨ6 (see Fig. 10c). Analyzing such shorter time series gives
incorrect estimates of the pressure (Pα or Pβ , etc., rather than
P ). Accordingly, the window-averaged pressure features long-
time correlations, with an estimated autocorrelation time of
∼ 2×1010 events (corresponding to roughly two CPU hours for
ECMC). Nevertheless, on a long enough time scale estimated
by the rotation criterion, all these systematic errors disappear,
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and the error of the pressure estimator starts to decrease as the
square root of the run time (see Fig. 10d). The achieved 10−4

relative error on the pressure estimates in Fig. 9c, from longer
simulations than those illustrated in Fig. 10, is much smaller
than the systematic error | ⟨Pα⟩ − ⟨Pγ⟩ |/P ∼ 10−2 of a cal-
culation that is too short to rotate Ψ6.

FIG. 10. Pressure P and global orientational order Ψ6 for a three-
hour ECMC run (N = 870, η = 0.716, square box α=(1 :1)). (a):
Values ofΨ6 in the complex plane. Highlighted clusters with inverted
Ψ6 (such as α1 and α3) have the same statistical weight. (b): Cluster
averages for P vs. arg(Ψ6). (c): Trajectories of Im(Ψ6) and Re(Ψ6)
with indicated clusters. (d): Running average and window average
for P .

B. Equations of state for large N

The equations of state for largerN than those considered by
Metropolis et al. and by Alder and Wainwright came into fo-
cus in the decades following 1962. At sufficiently large N , as
we know today, fluid, hexatic, and solid phases can be distin-
guished, and the latter clearly differs from the crystal. In the
simulations, three effects stand out. First, mixing and auto-
correlation times become truly gigantic already for reasonable
densities, even for the best currently known algorithms. Nev-
ertheless, the pressure (as other physical quantities that we do
not consider in this work) can be computed to a precision that,
from a given time on, increases as the square root of the com-
puter time. From N = 1282 to N = 10242, this program can

be put into practice, but it requires considerable computer re-
sources. The failure to converge is signaled through a number
of criteria, but not necessarily by the time series itself. Sec-
ond, in the coexistence phase of the fluid and the hexatic in
the NV T ensemble, the initial dynamics towards equilibrium
is dominated by coarsening. In this process, for example, small
hexatic islands nucleate in the fluid, then coalesce and slowly
grow until, in the stationary state of the time evolution, the
sample presents itself as two domains, one for each coexisting
phase. Precise knowledge of the pressure allows one to draw
the boundaries of the phase coexistence. Third, as realized ten
years ago, the high-density coexisting phase through the first-
order phase transition is a hexatic, and thus distinct from the
crystal that can serve as an initial configuration ofMCMC con-
figurations. Mixing times in the hexatic phase are very long,
and are likely to scale with a larger exponent with N than in
the fluid [20].

1. Hard-disk model with N = 1282 to N = 5122

For the hard-disk model with N = 1282, the relative pre-
cision levels of sequential ECMC, parallel ECMC, and of
MPMC reach ∼ 10−5 for the pressure, for example, at η =
0.698, much more precise than previous studies in the liter-
ature [63, 73] (see Fig. 11a). For α = (1 : 1), our calcula-
tions satisfy the rotation criterion of Eq. (36) up to density
η = 0.716, albeit for high densities on an impressive time
scale, even for the MPMC algorithm (see Fig. 12). This is
where earlier studies failed to equilibrate, and produced erro-
neous pressure estimates.

At density η = 0.716, samples of the MPMC computation
may remain in one cluster indexed by a given value of arg(Ψ6)
for ∼ 109 sweeps, and then produce a cluster average for the
pressure βPV0/N that differs relatively by about 10−3 from
the equilibrium average (see Fig. 12c). On such time scales,
the outcome of the simulation is thus unpredictable, and the
observed convergence of the pressure is not towards its en-
semble average but towards some metastable cluster value.
This behavior is readily detected from within the simulation
data through the rotation criterion of Eq. (36) and through the
dependence of obtained pressure values on initial conditions
(such as different orientations or fluid and crystalline initial
configurations).

For even larger systems, such as N = 5122, the compu-
tations in the literature dramatically suffer from the failure to
equilibrate, with incorrect pressure estimates especially at high
densities. For α = (1 : 1), our MPMC implementation satis-
fies the rotation criterion at η ≲ 0.712 within a few weeks of
computer time (which would correspond to centuries of run
time of the local Metropolis algorithm on a single CPU). For
even higher densities, all currently known sampling algorithm
fail to equilibrate in the strict sense of that criterion. Fortu-
nately, at larger N , the influence of the boundary conditions
is much smaller than for small N (see Fig. 13a). We estimate
the systematic error stemming from the failure to rotateΨ6 by
starting independent simulations for N = 5122 from a num-
ber of initial configurations with different global orientational
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FIG. 11. Equations of state P (V ) for the hard-disk model at large N . (a): P (V ) for N = 1282 from Refs [63, 73] and MPMC pressures
(this work) for α=(1 :

√
3/2) and α=(1 : 1) where all but the data point in parentheses satisfy the rotation criterion of Eq. (36) (see Fig. 12

for Ψ6-resolved pressures). (b): P (V ) for N = 5122 from Refs [49, 65, 66] and MPMC pressures (this work) for aspect ratios α=(1:
√
3/2)

and α=(1:1), where runs with η < 0.712 satisfy the rotation criterion. (c): P (V ) for 10242 from Refs [33, 49, 66, 67], compared to MPMC
(this work) for aspect ratios α=(1 :

√
3/2) and (1 : 1), where at density η > 0.708 the rotation criterion is violated, but the systematic error

thus committed is negligible (see Fig. 13a).

order parameters Ψ6 (see Fig. 13a). The resulting systematic
errors are found to be at most as large as the statistical errors.
Our pressure values are consistent with previous ECMC and
MPMC calculations [33, 49] up to η = 0.718, cross-validating
the correctness of the conclusion in Ref. [49] (see Fig. 11b).
In a non-square box, the components Px and Py of the pres-
sure generally differ. For N = 1282 and 5122 at aspect ratio
α=(1:

√
3/2), our estimates for Px and Py agree within error

bars even in the hexatic phase, as the system dimensions are
larger than the positional correlation length.

2. Hard-disk model at N = 10242

For the hard-disk model at N = 10242, single-core im-
plementations of the reversible Metropolis algorithm and of
EDMD fail to equilibrate for densities η ≳ 0.700 on accessi-
ble time scales even on a modern CPU. Only straight ECMC
(whose week-long mixing time of the serial version [33] re-
duces in the parallel implementation) and MPMC (run in par-
allel on thousands of cores on a GPU) are currently able to
partially achieve convergence. It is for this reason that in the
past, unconverged calculations [65–67] resulted in erroneous
pressure estimates and, in consequence, qualitatively wrong
predictions for the hard-disk phases and the phase transitions.

The slowmixingmanifests itself in pairs of runs that start on
the one hand from a fluid-like initial configuration with only
short-range correlations and a global orientational order pa-
rameter |Ψ6| ≳ 0 (obtained by the Lubachevsky–Stillinger
algorithm [74]) and on the other hand from a crystalline ini-
tial configuration with |Ψ6| ≲ 1. In the fluid–hexatic coex-
istence region (η = 0.708), as well as in the hexatic phase
(η = 0.718), ECMC takes about 106 sweeps to coalesce the
two values of |Ψ6| (see Fig. 13c and Fig. 13d). For ECMC,
at ∼ 1010 events/hour, this corresponds to about a week of
single-core CPU time. In contrast, MPMC requires roughly
109 sweeps to coalesce. On a GPU with ∼ 104 individual

FIG. 12. Analysis of the rotation criterion of Eq. (36) for a single
MPMC run (N = 1282, η = 0.716, α = (1 : 1)). (a): Histogram
of Ψ6 in the complex plane. Clusters α, α′ satisfies Ψα

6 = −Ψα′
6

and have equal weight. (b): Trajectory of Re(Ψ6) and Im(Ψ6) with
first visits to clusters indicated (cf Fig. 10). (c): Running average and
window average of the pressure, showcasing slow convergence.

cores, this is achieved in less than two days, but on a single-
core CPU, the local Metropolis algorithm (which has roughly
the same efficiency per move as MPMC) would require 109+6

moves which correspond to ∼ 105 hours or ∼ 10 years, at a
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typical 1010 moves per hour. Both branches of these calcula-
tions have similar times for arriving at equilibrium, illustrating
that the fluid–hexatic coexistence phase is as difficult to reach
from the fluid as it is from the crystal. While the mixing is very
slow, the pairs of curves reaching the same value of |Ψ6| give
a lower bound for the required run times of our ECMC and
MPMC algorithms, although these times are still much below
the mixing time in this system, if one were to include the ro-
tation in arg(Ψ6) in its definition. For the density η = 0.718,
atN = 10242, our total MPMC run times amount to 6.4×109

sweeps, roughly 6 times longer than what it shown in Fig. 13d.
Although MPMC and ECMC are today’s fastest algorithms

for the hard-disk model, they fail to satisfy the rotation cri-
terion of Eq. (36) on human timescales for N = 10242 at
densities η ≳ 0.708. Fortunately, the influence of arg(Ψ6)
on the pressure is quite small. To test this, we started very
longMPMC calculations from a number of finely spaced crys-
talline initial configurations with different values of arg(Ψ6).
At the very high density of η = 0.718 for N = 10242, the
relative statistical errors for the pressure is 5×10−4 for each
run, while the maximum distance between the mean values,
that could possibly correspond to a systematic error, is also
found to be 5×10−4. We estimate the pressure uncertainty as
the maximum of the individual statistical and the difference
in mean values (see Fig. 13b). The estimated pressures are
also almost independent of the aspect ratio α=(1 : 1) and the
α=(1:

√
3/2) (Fig. 11c). Finally, in non-square boxes, the es-

timates for Px and Py agree to very high precision for largeN ,
while they differ markedly in smaller systems (see Table II).
The disagreement of previous calculations appears thus rooted
in the very long times to reach the correct values of |Ψ6|.

V. CONCLUSION

In this work, we have discussed the hard-disk pressure,
which was estimated in the the very first MCMC computation
in 1953, and in one of the earliest molecular-dynamics com-
putations, in 1962. We have argued that the difficulty of the
pressure estimation had not been fully realized in the decades-
long controversy over the phase-transition scenario of this sim-
ple model. Our first aim was to provide the context for this
computation through a discussion of the physics of the hard-
disk model, of the sampling algorithms and pressure estima-
tors and, crucially, of the criteria for bounding mixing times.
Our second aim was to finally provide definite high-precision
estimates of the pressure through massive computations and to
compare them to the values from the literature, thereby ending
a long period of uncertainty and doubt. In doing so, we hope
to provide benchmarks for the next generation of sampling al-
gorithms, estimators, and physical theories.

The history of the hard-disk model epitomizes a number of
prime computational issues. One of them is the role of so-
called “computer experiments”, that is, of heuristic simula-
tions which run for much less than the mixing time. The pi-
oneering work of Alder and Wainwright was clearly of that
type, as their published pressures explicitly depend on the ini-
tial configurations.

N α P / Px, Py Method
64 (1:

√
3/2) 8.065(3), 8.137(4) Naive

8.0671(9), 8.1402(9) ECMC
72 (9:4

√
3) 8.1614(4), 8.2382(5) Naive

8.1617(7), 8.2386(8) ECMC
2562 (1 :1) 9.172(5) ECMC (g(2σ))

9.1707(2) ECMC
9.1708(1) MPMC

2562 (1 :
√
3/2) 9.176(6) ECMC (g(2σ))

9.1703(2), 9.1704(3) ECMC
9.1704(1), 9.1705(1) MPMC

5122 (1 :1) 9.170(2) ECMC (g(2σ))
9.1699(2) ECMC
9.1696(1) MPMC

5122 (1 :
√
3/2) 9.167(3) ECMC (g(2σ))

9.1694(3), 9.1694(3) ECMC
9.1695(2), 9.1697(2) MPMC

TABLE II. Cross validation of pressure estimates between straight
ECMC (naive and state-of-the-art) and MPMC in periodic boxes of
given aspect ratio α, all at density η = 0.698. MPMC integrates
short fictitious runs of straight ECMC, in order to estimate pressures
through Eq. (21). ECMC uses the rift-average estimator of Eq. (21),
except where indicated to test agreement of the pair-correlation for-
mula of Eq. (27b).

Computer experiments below themixing-time scale are akin
to perturbation expansions in the theory of liquids or in quan-
tum mechanics, as the sampling below the mixing-time scale
merely “perturbs” around the crystalline or fluid initial con-
figurations. Just like perturbation theory, such computer ex-
periments can provide important insights, yet they have lim-
ited predictive power, as was evidenced by the decades-long
controversy about the hard-disk phase transitions. Beyond the
mixing time, the influence of the initial configuration fades
away exponentially, and exponential convergence towards the
equilibrium distribution sets in. Only the statistical errors re-
main. In this regime, MCMC and molecular-dynamics sam-
pling unfolds all its power. Although the mixing and corre-
lation time scales can be gigantic, as discussed, the goal of
sampling beyond the mixing time scale must not be lost sight
of.

A crucial computational issue for MCMC and molecular-
dynamics algorithms consists in estimating the mixing times.
We have insisted that simply analyzing a time series (in our
case, that of the pressure) is usually not sufficient. Fur-
thermore, we have discussed two strategies to estimate these
times reliably for the hard-disk model. First, we designed an
observable—the orientational order parameter for hard disks
in a square box—with known mean value. We then argued
that as long as the run-time average of this observable differed
considerably from its known mean, the mixing-time scale has
not yet been reached. Used for more than a decade [33, 34],
this rotation criterion supposes that the orientational order is
the slowest-moving observable in the hard-disk system.

Our second strategy to lend credibility to our MCMC calcu-
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FIG. 13. Convergence analysis for the hard-disk model at η = 0.708 and η = 0.718 (square box α=(1 :1)). (a): Scatter plot of the pressure
as a function of the orientational order parameter (N = 5122). (b-d): N = 10242 for MPMC and ECMC. (b): Cluster averages obtained from
independent runs from initial configurations at specific values ofΨ6. The difference, smaller than 10−3, estimates the systematic error. (c) and
(d): Time evolution of the absolute orientational order |Ψ6|, starting from either a disordered initial configuration (with |Ψ6| ≳ 0) or from a
crystal (with |Ψ6| ≲ 1) (LMC refers to the local Metropolis algorithm).

lations consists in starting from widely different initial config-
urations, following in the footsteps of Alder and Wainwright,
yet accepting the result of the calculation only if the influence
of the initial configuration has faded away. This approach is
related to the coupling approach for Markov chains [75]. The
fluid and crystalline initial configurations that we used to ini-
tialize Markov chains for 106 disks in the hexatic phase stand
in for the worst-case initializations, as they are called for in the
definition of the mixing time [47]. The mixing time provides
the relevant time scale for analyzing MCMC calculations, and
certainly the one where run-time averages become indepen-
dent of how the Markov chain is initialized.

Finally, we emphasize the role of algorithm development,
and of hardware implementations, even in the simple model of
hard disks. In this work, we relied heavily on ECMC, which,
as evidenced in Fig. 13c and d, speeds up MCMC simulations
by several orders of magnitude. ECMC is a family of non-
reversible Markov chains, rather than a specific algorithm, and
variants of the original straight and reflective ECMC continue
to be developed. The opportunities granted by non-reversible
Markov chains (and byMCMCapproaches in general), are cer-
tainly very far from having all been explored. The recent ex-
tension of ECMC to arbitrary interaction potentials [41] and in
particular to the field of molecular simulation [76, 77], carries
considerable promise. The spectacular development of GPU
hardware over the last fifteen years has greatly democratized
parallel computations with, again, one of the cleanest applica-
tions being the hard-disk model. Decidedly, this simple model
is a “Drosophila” of statistical physics.
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Appendix A: Extrapolation and statistics

Sampling algorithms output time series of configurations
and of pressures (for example one value of the estimated Px

for each event chain in ±êx). Further analysis transforms this
raw output into the pressure estimates and confidence intervals
provided with this work. The pressure estimators that rely on
the extrapolation of pair-correlation functions and wall densi-
ties have been superseded in recent years by the rift-average
estimators. We nevertheless describe them here in order to il-
lustrate that the new estimators are perfectly sound. We also
sketch the stationary-bootstrap method which estimates the
confidence intervals of the pressure time series.

1. Extrapolation of pair correlations and wall densities

The pressure estimator of Eq. (27a) extrapolates the rescaled
line densities ρx(x) and ρy(y) to x = σ,Lx − σ and
y = σ,Ly − σ, respectively, and the pair-correlation func-
tion g(r) to contact at r = 2σ. We use the fourth-order
polynomial histogram fitting procedure of Ref [33] contained
in the HistoricDisks software package (see Appendix B).
Within our MPMC production runs, however, we use the
parameter-free rift-average estimators from fictitious straight-
ECMC runs to estimate Px and Py , rather than the extrapola-
tion method.

To determine the rescaled line density ρx(σ) (and similarly
ρy), the x-coordinate of a disk at position xi = (xi, yi) is
retained in a histogram of bin size 10−3σ if xi < 1.1σ or
xi > Lx − 1.1σ. The histogram is normalized by divid-
ing the number of elements in each bin by 2 × 10−3σnN ,
where n is the total number of sampled configurations (not
only those contributing to the histogram) and N is the num-
ber of disks. The histogram is further multiplied by Lx for ρx
(and likewise by Ly for ρy) in order to satisfy the normaliza-
tion π(1)(xi) = ρ(xi)/V . It is the line density ρx(x), which is
fitted and then extrapolated to x = σ.

The extrapolation of g(2σ) proceeds analogously to that of
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ρx(x). The pair distances in the range 2σ < r < 2.1σ are
retained in a histogram, then normalized by dividing the num-
ber of elements in each bin by the bin size 10−3σ and the total
number of sampled distances nN(N − 1)/2. The normalized
histogram approximates 2πrĝ(r). The histogram is further
multiplied by V /2π and divided by the distance r correspond-
ing to the center of each bin, yielding the empirical g(r), that
is then extrapolated to r = 2σ.

2. Statistics

The standard errors in this workwere computedwith the sta-
tionary bootstrap method [78, 79], and double-checked with
the blocking method [80]. In stationary bootstrap, the stan-
dard error is estimated by creating a large number of simu-
lated time series (typically 1000). Each of the time series has
the same length as the original series, and is created by piec-
ing together randomly chosen sub-series of geometrically dis-
tributed length. The only parameter controlling the geometri-
cal distribution is chosen so that it minimizes themean squared
error of the estimated standard error for an infinite sub-series
length and for an infinite number of sub-series [81, 82]. The
compatibility of the stationary-bootstrap error estimate with
that of the blocking method was carefully checked for the en-
tire data presented in the figures as well as in Table II.

Appendix B: Historic data, codes, and validation

The present work is accompanied by the HistoricDisks
data and software package, which is published as an
open-source project under the GNU GPLv3 license.
HistoricDisks is available on GitHub as part of the
JeLLyFysh organization [83]. The package provides the
pressure data extracted from the literature since 1953, and
also the set of high-precision pressures of the present work
(see Subsection B 1). Furthermore, the package contains
naive MCMC and MD implementations and pressure esti-
mators (used for validation purposes in Table I) as well as
state-of-the-art implementations used in Section IV.

1. Pressure data, equations of states

The pressure data in the HistoricDisks package are from
Refs [14, 28, 33, 63, 65–67, 73], or else correspond to results
obtained in this work. Pressure data for a given reference, a
given system size and aspect ratio are stored in a separate file
in the .csv format (see the README file for details). Pressures
and error bars were digitized using the WebPlotDigitizer soft-
ware [84] where applicable, or else extracted from published
tables. The HistoricDisks package furthermore provides
Python programs that visualize equations of state. All pressure
data are for theNV T ensemble, and the control variable (vol-
ume or density, plotted on the x-axis) follows all four conven-
tions of Eq. (1). The dependent variable (the pressure, plotted
on the y-axis) follows two conventions, namely βPV0/N and

βP (2σ)2. In order to facilitate the direct comparison across
different conventions, the produced figures have four x-axes
and two y-axes. The pressure data base in the HistoricDisks
package may evolve in the future.

2. Computer programs

In addition to pressure data, the HistoricDisks package
provides access to sampling algorithms (local Metropolis al-
gorithm, EDMD, and several variants of ECMC). Each algo-
rithm is implemented in two versions. A naive version for
four disks in a non-periodic rectangular box is patterned after
Ref. [39]. A naive version for N disks in a periodic rectan-
gular box is useful for validation of more advanced methods.
Both versions are implemented in Python3 (compatible with
PyPy3). In addition, the package provides a state-of-the-art
ECMC program for hard disks.

a. Four-disk non-periodic-box programs

Our naive programs consider four disks of radius σ = 0.15
in a non-periodic square box of sides 1. We implement the
Metropolis algorithm, EDMD, and the straight, reflective [34],
forward [54] and Newtonian [55] variants of ECMC. In ad-
dition, the pressure estimators of Subsection III C are imple-
mented (see Table I). In detail, we provide pressure estimates
from the wall density (using fit of the histogram), from the
wall rifts using EDMD, and the wall rifts using ECMC, the lat-
ter testing the bias factor N that is introduced because ECMC
only moves a single disk. Moreover, we check our rift-average
estimators for EDMD and for straight ECMC (that again dif-
fer by different biasing factors and mean values of perpendic-
ular velocity components). Finally, we provide a test of the
traditional fitting formula involving the pair-correlation func-
tion. All these estimators are of thermodynamic origin. As
discussed in the main text, the kinematic estimators, including
the virial formula, lead to identical formulas and need not be
tested independently.

b. Naive periodic-box programs

The naive periodic-box programs contained in the
HistoricDisks package differ from the naive programs
only in that the number N of disks and the radius σ can be
set freely, and that the box is periodic. These programs have
some use for demonstration purposes, and to test the more
efficient algorithms for relatively small values of N . Again,
the Metropolis algorithm, EDMD, and the four variants of
ECMC are implemented. Run start from crystalline initial
configurations. Configurations are output at fixed time
intervals. EDMD and straight ECMC also output estimates of
the pressure.
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c. State-of-the-art hard-disk programs

The HistoricDisks package contains an optimized C++
code for straight ECMC, that is derived from the Fortran90
code used in [33]. The GPU-based MPMC Cuda code used in

this work derives from a general MPMC code for soft-sphere
models and will be published elsewhere [85]. Pressures ob-
tained from these implementations agree within very tight er-
ror bars (see Table II). A Python script contained in the pack-
age analyzes samples that were saved from these two codes in
the HDF5 [86] file format. It computes for example the global
orientational order parameters Ψ6.
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