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The virial theorem relates averages of kinetic energy and forces in confined systems.
It is widely used to relate stresses in molecular simulation as measured at a boundary
and in the interior of a system. In periodic systems, the theorem must be modified to
produce useful results. We formulate the theorem so that it is valid for both confined
and periodic systems. We cross-check our formulation in a study of a small system using
both Monte Carlo and molecular dynamics simulations.

Introduction

The virial theorem (Swenson, 1983) relates averages of
the kinetic energy to those of a function of the forces.
For instance, for a particle confined in one dimension
described by position x and momentum p⟨

p2/m
⟩
= ⟨xdV/dx⟩ = −⟨xF ⟩ (1)

where the potential energy is V (x) and the force on the
particle is F (x). The original derivation was dynamic,
but we can also work from statistical mechanics looking
at the average of the Poisson bracket [G,H ], where H
is the Hamiltonian of the system and G = xp. With
H = p2/2m+ V (x). The Poisson bracket is then

[G,H ] = p
∂H

∂p
− x

∂H

∂x
=

p2

m
− x

∂V

∂x
(2)

and we recognize the two contributions to eq. (1). We
choose to work in the canonical ensemble, appropriate
for a molecular system coupled to a thermostat so that
the statistical weight of a configuration is given by e−βH .
Let us consider, firstly, the kinetic contribution to the
identity, p2/m, using integration by parts.⟨
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∂e−βH

∂p
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(3)

We have introduced the temperature T = β−1 and Zp

is the kinetic contribution to the partition function. An
identical transformation applies to the spatial derivative
in the identity, xdV/dx, when the physical system is con-
fined by the potential energy for x → ±∞ so that inte-
gration by parts does not introduce a boundary contri-
bution.

In a dilute gas identities such as eq. (1) find immediate
application. There is a balance between the kinetic con-
tribution, ⟨p2/m⟩, and that due to the potential, ⟨xF ⟩
which describes the interaction of atoms with confining

walls. We now see an immediate problem with the appli-
cation of the virial theorem in periodic systems: In the
dilute-gas limit, there is no possibility of balancing the
kinetic contribution with the wall collisions. Working in
either toroidal space, or using replicated copies of a pri-
mary cell the classic formulation, assuming unbounded
motion, requires modification. We note that the oppo-
site limit of a dense, low-temperature crystal was ana-
lyzed in (Louwerse and Baerends, 2006), where it was
concluded that the calculation of the pressure requires a
mathematical formulation that avoids entirely the classi-
cal virial theorem. This paper contains strong criticism of
formulations with replicated copies, which can miscount
contributions. Recent work and codes avoid the use of
the virial theorem in periodic simulations, and use alter-
native routes to the pressure (Thompson et al., 2009).

In this paper, we present a unified picture of the virial
theorem valid for confined and periodic boundary con-
ditions. We find extra boundary contributions (coming
from integration by parts of the spatial derivative) that
must be added to the classical result. These contribu-
tions, for instance, allow one to describe the dilute gas
limit without contradiction. This formulation leads to a
transparent formulation of the virial route to the pres-
sure, linking the momentum transfer at the boundary of
a simulation cell to the average volume virial.

In a second part, we test our expressions in high statis-
tics simulations with Monte Carlo and molecular dynam-
ics studying a system of four particles in two dimensions.
We find that the constraint of conservation of momen-
tum in molecular dynamics leads to a non-uniform one-
particle density that we study in detail.

Periodic formulation

We consider N particles, in a d-dimensional periodic
space. We allow the particles to interact with a short-
ranged, central pair-potential v(ri − rj) as well as an
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external one-body potential ϕ(ri) so that

V =
∑
i<j

v(ri − rj) +
∑
i

ϕ(ri) (4)

We only consider systems in their toroidal representa-
tion so that 0 ≤ riα < Lα, with Lα the box dimension
in direction α. The particles interact with a “minimum
image” convention, so that the force is not always paral-
lel to the vector ri − rj , but can rather be parallel to the
vector

∆ij = ri − rj − Ln (5)

where the vector Ln has entries nαLα with nα ∈
{−1, 0, 1}. We consider short-range, smooth potentials
so that interactions occur with at most a single value of
the vector Ln. Use of the external potential ϕ will enable
us to continuously pass from the case of an unconstrained
periodic system with ϕ = 0, to a system with strong con-
fining walls, so that we can compare the virial theorem
in the two limits.

We introduce the partial virial Gx =
∑

i xipi, with pi
the x-component of the momentum for particle i. As in
the one-dimensional case presented in the introduction,
the treatment of the kinetic contribution to ⟨[Gx,H]⟩ is
elementary

N∑
i

⟨
pi
∂H

∂pi

⟩
= NT (6)

More care is required for the treatment of the configura-
tional average. Consider the term x1F

x
1 , with F x

1 the
x-component of the force on particle 1: the partition
function is defined as an integral over a finite interval
of x1. When performing the integration by parts, one
must be careful not drop the boundary contribution.⟨

x1
∂V

∂x1

⟩
= − T

Zr

∫ Lx

0

dNrx1
∂

∂x1
e−βV (7)

Zr is the spatial contribution to the partition function.
We find two contributions

− T

Zr

(∫ Lx

0

dN−1r [x1e
−βV ]

x1=Lx

x1=0 −
∫ Lx

0

dNr e−βV

)
= −TLxρ̄1(x1 = Lx) + T

(8)
where ρ̄1(x1 = 0) ≡ ρ̄1(x1 = Lx) is the one-particle
density, ρ(r) = ⟨δ(r− r1)⟩, integrated over the boundary
x = Lx of the fundamental cell.

Thus, the full periodic version of the virial theorem in
the x-direction is∑

i

⟨
pi

2

m
+ xiF

x
i

⟩
= TLxρ̄N (x = Lx) (9)

with ρ̄N (x = Lx) the integrated density of the N particles
over the wall at x = Lx. The limit of weak potentials is
now reasonable because then ρ̄N (x = Lx) = N/Lx and
the theorem now allows finite kinetic energy in the limit
V → 0: We find the clearly correct result

∑
i p

2
i /m = NT

For periodic systems, with ϕ = 0 but with v(r) not
zero, the average of the kinetic energy and the boundary
contribution cancel, and we find that the average config-
urational virial vanishes.∑

i

⟨
xi

∂V

∂xi

⟩
ϕ=0

= 0 (10)

However, when we impose a large positive potential ϕ
at the boundary of the simulation cell then ρ̄N (x = Lx)
is small and the result eq. (9) reduces to the confined
limit, eq. (1). Eq. (10) is compatible with the statements
in (Louwerse and Baerends, 2006) where a perfect crys-
tal at zero temperature is analyzed. The authors show
that use of eq. (10) in the wrong context leads to the
conclusion that such crystal is always at pressure P = 0.

Link to Pressure

It is conventional to re-write the potential part of the
virial for pair potentials in a form that is independent
of the origin of the system. We do this by breaking up
the total force on particle i due to the potential v in the
following manner. fx

i =
∑

j f
x
ij where fx

ij denotes the
x-component of the pair force on particle i due to j, and
fx
i is the x-component of the total pair force. Then,

N∑
i

xif
x
i =

N∑
i ̸=j

xif
x
ij (11)

Note it is always true that fx
ij = −fx

ji even if, Fig. (1),
the interactions occur with images outside the primitive
cell so that

N∑
i

xif
x
i =

1

2

N∑
i ̸=j

(xi − xj)f
x
ij (12)

We now re-write eq. (12) in terms of nearest image in-
teractions using ∆ij , eq. (5), together with a boundary
term and find

N∑
i

xif
x
i =

1

2

N∑
i ̸=j

(∆ij,xf
x
ij + nxLxf

x
ij) (13)

We thus write eq. (9) as

NT +
1

2

N∑
i ̸=j

⟨
∆ijf

x
ij

⟩
−

N∑
i

⟨xi
∂ϕ

∂xi
⟩ (14)

= TLxρ̄N (Lx)− Lx

⟨ ∑
boundary
pairs

fx
ijnx

⟩
(15)

= ΩPx (16)
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We now interpret the contributions to eq. (14, 15).
Eq. (14) contains the usual Irving-Kirkwood (Irving and
Kirkwood, 1950) stress tensor evaluated with a nearest
image convention together with a body force imposed
by ϕ. Eq. (15) corresponds to momentum flux through
the boundary (x = Lx), giving the x-component of the
pressure Px in a system of volume Ω. There are two
contributions to this momentum flux, a part due to par-
ticles crossing the boundary, T ρ̄N (Lx), as well as a con-
tribution involving forces between particles that are on
two different sides of the boundary in the nearest image
convention, Fig. (1). The combination fx

ijnx with now
nx ∈ {−1, 1} orients the force through the boundary, in-
dependent of the labeling order ij. In Fig. (1), for the
rightmost boundary, when i is inside the cell, and j′ out-
side nx = 1. The position of the boundary in our deriva-
tion is arbitrary, so that eq. 15) holds for an arbitrary
choice of origin.

Again, we see that including the boundary term, aris-
ing from integration by parts is essential for the correct
link between the volume expression for the stress tensor,
and the momentum flux through the boundary of the
simulation cell, and thus the x-component of the pres-
sure. Note the stress tensor, σ and thus the pressure is
not constant in the presence of a general one-body po-
tential (Davis and Scriven, 1982), as is implied by the
Yvon-Born-Green equation linking one-particle and two-
particle correlations.

j j′

i

Lx

Ly

FIG. 1 Two particles, i, j have their centers in the periodic
cell of volume Ω = Lx × Ly. The force between the particles
is parallel to the vector joining i and the nearest image of j,
j′, eq. (5). The internal virial is calculated between i and j′,
requiring a balancing contribution of Lxf

x
ij to the second line

of eq. (15) which is to be interpreted as a contribution to the
momentum flux at the cell edge x = Lx. Here nx = 1.

Dynamic approaches

The derivation of the virial in periodic systems often
works from a dynamic approach, rather than the statisti-
cal approach used here (Erpenbeck and Wood, 1984; Tsai,
1979). This formulation follows the particles originating
in one copy of the simulation cell, now in the micro-
canonical ensemble obeying Newton’s equation of mo-
tion, without folding the particles back when they leave
the fundamental copy. One looks at the time derivative
of Gx using the equations of motion, and then argues
that since motions and energies are bounded

lim
t→∞

1

t

∫ t

0

Ġx(τ) dτ = 0 (17)

If we follow the trajectories of particles, without folding
them back into the primary simulation domain, we find
(see for instance (Erpenbeck and Wood, 1984; Winkler
et al., 1992)) a result similar to eq. (15), with however
important differences. Firstly, the boundary contribu-
tion in T ρ̄N is entirely missing, secondly the contribu-
tion Lnf

x
ij requires the uses of arbitrary large integers

nα ∈ Z to push particles that have moved large distances
back into the primary cell in order to calculate the sys-
tem energy. In this limit, it is impossible to recognize
the result as expressing the momentum flux evaluated at
the boundary of the simulation cell.

We now show that by confining particles to the pri-
mary cell, and periodically “transporting” them when
they cross the cell boundary we also find the same for-
mulation of the virial theorem eq. (9). We write

dGx

dt
=
∑
i

(ẋipi + xiṗi) =
∑
i

(
p2i
m

+ xiF
x
i

)
(18)

for time intervals where no particle leaves the primary
domain. We define the temperature from the average
kinetic energy, so that ⟨p2i /m⟩ = T . For a system that
undergoes molecular dynamics evolution with bounded
forces then there is also a discontinuity in xipi each time a
particle leaves the simulation cell, for instance at x = Lx

and is transported to x = 0. We thus need to add to
eq. (18) the extra contribution −piLxδ(t− tr) where tr is
the time the particle leaves to the right. A similar term
is present when the particles leave to the left. Taking the
time average of eq. (18) and noting that the left-hand
side averages to zero, eq. (17)∑

i

⟨
p2i
m

+ xiF
x
i

⟩
=

Lx

t

[∑
tr

pr −
∑
tl

pl

]
(19)

where pr and pl is the momentum transported leaving
the cell on the right or left. pr and −pl are both positive.
The sums on the right are over all events where a particle
leaves the primary domain. We now note this momentum
flux is just the perfect gas stress contribution T ρ̄N to the
pressure, and we find an expression identical to eq. (9).
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Numerical tests with 4 particles

We now consider in more detail the limit of a small
number of particles (Hoover and Alder, 1967; Ray and
Zhang, 1999; Wood et al., 2000), and show detailed cal-
culations for N = 4 with hard disks where efficient
event driven methods are used to generate high statis-
tics data (Li et al., 2022; Michel et al., 2014). These
simulations allow us to validate the expressions that we
have found from the virial theorem. We first simulate
with event-chain Monte Carlo to find a reference value
of the pressure. For particles of radius σ = 0.15 in a
unit periodic cell, Fig. (2), we find βPV = 7.120986(9).
We separate the pressure into a perfect gas contribu-
tion, βV P perf = 4, and a virial contribution βV P vir =
3.120986(9).

In our molecular dynamics simulations, we randomly
initialize the velocities, and remove the center of mass
motion. We then scale velocities of particles so that∑

i

v2
i

2
= T (N − 1) (20)

where we take the particle’s masses, m = 1. We note
that the perfect gas limit of the pressure in molecular
dynamics with periodic boundary conditions is

P =
T

V
(N − 1) = Tρ

(N − 1)

N
(21)

since we work in the center of mass frame of the system.
In this we diverge from historic papers on the small N
limit, where the temperature in molecular dynamics is
defined from PV = NT for a dilute gas.

There are two routes available to evaluate the pres-
sure in molecular dynamics. The first, eq. (15), is the
sum of the momentum transfer from collisions across the
cell boundary (for instance a collision between i and
j′ in Fig. (1)), plus the momentum flux due to par-
ticles travelling through the boundary which we eval-
uate with the right-hand side of eq. (19). We find
βPV = 3 + 3.120995(9). Where we have again sepa-
rated the perfect gas eq. (21) and virial contributions.
The virial contribution is identical, within statistical er-
rors, to that found given by Monte Carlo methods. We
also checked that the contribution to the momentum
flux due to particles crossing the boundary corresponds
to the term T ρ̄N (Lx) in eq. (15) with the modifica-
tion of eq. (21). The transport momentum flux is thus
T ρ̄N (Lx)(N − 1)/N .

When examining our simulations, we found that al-
though the sum of the two contributions to the pressure
is statistically constant throughout the simulation cell,
the magnitude of each contribution depends on the ini-
tial conditions of the simulation and is inhomogeneous in
space. We investigated the variation in the two contribu-
tions to the pressure in detail and found, (Fig. (3)), that

a histogram of particle positions is non-uniform. When
working with N particles we find a grid of N ×N peaks
in the density. We interpret this inhomogeneity as being
due to the conservation of the position of the center of
mass in molecular dynamics simulation: When a single
particle moves to the right by a distance Lx(1−1/N) and
all other particles move to the left by a distance Lx/N
we generate an equivalent configuration with the same
center of mass, that appears shifted left by Lx/N . Each
peak in the grid of Fig. (3) corresponds to configurations
with the same relative positions of all particles. Depend-
ing on the position of the center of mass with respect
to the cell boundaries at the start of the simulation, the
two contributions to the momentum flux vary while their
sum remains identical.

The second route to the pressure in molecular dynam-
ics is through the time averaged virial eq. 14, with again
the perfect gas expression NT , replaced with (N − 1)T .
In our molecular dynamics simulations the virial and mo-
mentum routes to the pressure agree to one part in 1010,
confirming the correctness of our derivation of the peri-
odic theorem, and its application in a system with non-
trivial spatial structure.

FIG. 2 Four particles of radius σ = 0.15 are simulated in a
square periodic cell with Lx = Ly = 1.

We are able to follow in our binning procedure the
pattern of N2 peaks up to N = 6 (working at constant
volume fraction of particles), the amplitude of the pat-
tern becomes rapidly smaller with increasing N . We also
confirmed the structure for N = 7 with Fourier analysis.
We were also able to study the pattern of peaks in our
event-chain Monte Carlo code by measuring the density
in a reference frame moving with the center of mass, then
folding positions back into a co-moving simulation cell.
Non-trivial density patterns occur in Monte Carlo when
measured in the correct reference frame. Increasing the
particle size leads to a more complicated pattern, Fig. (4)
of density variations.
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FIG. 3 Histogram of particle positions from molecular dy-
namics simulation of Fig. (2), σ = 0.15. We find a regular
4 × 4 pattern of peaks in the density. Local density varies
by ∼ 8% from the mean. The particle positions of Fig. (2)
correspond to a minimum in the probability density.

FIG. 4 Density variations from a molecular dynamics simu-
lation with 4 particles with σ = 0.22. Positions that are a
maximum of density at smaller particle size here become a
deep density minimum.

Linking kinetic energy and temperature

We now demonstrate, under the usual hypothesis of
factorization of velocity and spatial degrees of freedom,
that the kinetic virial from molecular dynamics and the
thermodynamic virial measured in Monte Carlo simula-
tion are identical when using the correct link between
temperature and kinetic energy, eq. (20). We use the
approach of (Li et al., 2022), section III.c.2, where the
pressure is calculated in a thermodynamic approach. If
ĝ(r) is the probability density for finding a given pair of
particles near separation r, then the contribution to the
pressure coming from pair interactions is

βP vir =
N(N − 1)

V
2πσ2ĝ(2σ) (22)

The kinetic virial as measured in a molecular dynamics

simulation for hard disks is given by

P vir = − 1

2V
⟨(vi − vj) · (ri − rj)⟩ (23)

where the expectation is a time average of pair collisions
between pairs of particles i and j. This time average is
calculated by averaging over the flux of collisions, f :

f =
N(N − 1)

2
2π(2σ)ĝ(2σ)

[
vr1 − vr2

]
2

H(v) (24)

Where H(v) is a uniform distribution of 2N velocity com-
ponents on the hypersphere, confined to

∑
i vi = 0 and[

vr1 − vr2
]

is the radial component of the relative veloc-
ity of two particles. The contribution to the pressure is
thus

P vir =
N(N − 1)

4V
2π(2σ)

2
ĝ(2σ)

⟨[
vr1 − vr2

]2
2

H(v)
⟩

(25)
The velocity average is calculated by noting that
⟨vr1vr2H(v)⟩ = −⟨(vr1)2H(v)⟩/(N − 1) so that

P vir =
N(N − 1)

4V
2π(2σ)

2
ĝ(2σ)

⟨
(vr1)

2
H(v)

⟩ N

N − 1
(26)

Consistency between eqs. (26, 22) requires⟨
v2
i

2

⟩
=

N − 1

N
T (27)

as used in our simulations.

Conclusion

We have treated the generalization of the virial theo-
rem to periodic systems using two approaches. Firstly,
using ensemble averages from equilibrium statistical me-
chanics, secondly using a dynamical approach from the
equations of motion. Our approach avoids the difficulties
carefully pointed out in (Louwerse and Baerends, 2006),
which lead to nonsensical results for the pressure, when
starting from classical statements of the theorem.

Our treatment of the virial theorem has features
that are similar to the quantum virial theorem treated
in (Abad and Esteve, 1991; Esteve et al., 2012). Again,
the use of a periodic space in quantum mechanics leads
to extra end-corrections to the theorem, here involving
boundary values of the wavefunction. Our treatment
deals cleanly with the weakly interacting gas limit, which
is clearly not correctly given using the classical virial ex-
pression. Using an external one-body potential, we in-
terpolate between the standard confined simulation box,
and a system where particles move freely through cell
boundaries. This one-body potential can describe either
a high uniform wall, or more complicated geometries such
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as a hole in an otherwise impenetrable barrier. Our ex-
pression gives a direct link between the Irving-Kirkwood
expression for the stress tensor and the boundary mo-
mentum flux. We checked the use of our virial and mo-
mentum estimators for the case of N = 4 particles, and
compared the results to independent event-chain Monte
Carlo simulations.

Open questions remain for the formulation of the virial
for long-ranged electrostatic interactions. The most nat-
ural formulation of electrostatics boundary conditions re-
quires the use of a non-periodic representation of the par-
ticle positions in order to correctly represent the molec-
ular polarization of charged media (Caillol, 1994; Maggs,
2002, 2004, 2012; Sprik, 2018).
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